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Moduli fixing and T-duality in Type II brane gas models 

Masakazu Sano and Hisao Suzuki 
Department of Physics, Hokkaido University, Sapporo, Hokkaido 060-0810 Japan 

We consider a compactification with a six-dimensional torus in the type II brane gas models. We 
show that the dilaton and the scale of each cycle of the internal space are fixed in the presence of 
NS5-branes and Kaluza-Klein monopoles as well as D-branes with the gauge fields. We can construct 
various models that lead to fixed moduli by using T-duality transformations. 
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I. INTRODUCTION 

Brane gas models have been investigated to understand 
the origin of the hierarchy of dimensions. Since super- 
string theories predict ten-dimensional universe, we need 
to know the reason why four-dimensional space-time ex- 
pands whereas the other spaces are small if the theo- 
ries are the correct description of our space-time. This 
problem is related to the origin of our universe and it 
is natural to consider this problem in the framework of 
the cosmology. Brandenberger and Vafa [l| considered 
momentum and winding modes of strings which wrap 
around a 9-dimensional space. It was argued that the 
(3+l)-dimensional space-time could expand, so that such 
a space-time loses its winding of strings. This idea was 
polished up by Tseytlin and Vafa Q in the context of 
dilaton gravity. A extension including the effect of a 
gas of Dp-branes has been analyzed by Alexander, Bran- 
denberger and Easson 3]. The T-duality in the brane 
gas model was investigated in Ref.jl]. The cosmological 
evolution of String/Brane gas models was considered in 

One of the problems of the brane gas models is the 
stability of the moduli parameters. A lot of investiga- 
tions concerning with t his p roblem have been performed 

[iM[ni,[IlM[IiM[Ii[I3M[iiM[Iil[2l. it was 

expected that winding modes of Dp-branes prevent the 
internal space from expanding, because Dp-branes give 
negative pressure in the internal space [s*] . If the dilaton 
field is fixed, the internal space becomes stable, using the 
effect of winding modes of Dp-branes [l^ . On the other 
hand, we have to consider the dilaton field at the early 
stage of the universe. However a simple brane gas model 
with the dilaton field cannot stabilize both the internal 
scale factor and the dilaton simultaneously, although the 
linear combination of them can be stabilized |2ll |. In 
Ref . [23j . the issue of stabilizing the dilaton was consid- 
ered, assuming the existence of tensionless membranes 
which require the quantum analysis of supermembrane. 
Recently, Danos, Frey and Brandenberger suggested a 
moduli fixing procedure in the heterotic strings on an 
orbifold [l^]. In their models, the gaugino condensation 
has a crucial role for the moduli fixing. Although many 
works have been done, it still remains to be an unavoid- 
able problem how the dilaton and the scale of the internal 
space are fixed simultaneously for the description of a re- 



alistic cosmology in the brane gas model. 

In this paper, we will concentrate on the problem of 
the moduli fixing in the type II brane gas model, using 
Dirac-Born-Infeld action. We will show that the NS5- 
branes or the Kaluza-Klein monopoles (KK5-monopoles) 
play a crucial role for the stability of the dilaton field. 
It is known that the world volume action of the KK5- 
monopoles and the NS5-branes is derived by the dimen- 
sional reduction of the 11-dimensional KK-monopole [l^ 
and the M5-brane [1^ respectively. We will analyze the 
role of the gauge fields on the Dp-brane and the world 
volume action of the NS5-brane and the KK5-monopole 
in addition to the Dp-branes. We will take the six- 
dimensional torus as the internal space for simplic- 
ity. If those objects wrap over the cycles of T^, we will 
show that the dilaton and the scale of are fixed. We 
can find various D-brane configurations which lead to 
the fixed moduli spaces and dilaton by using T-dualities. 
Namely, the T-duality allows us to obtain dual type II 
brane gas models once the moduli fields are fixed. 

This paper is organized as follows. In the next section, 
we will prepare the bulk action and the metric defined 
by the four-dimensional Einstein frame. In Sec. Ill, we 
discuss the world volume action of the Dp-branes. In Sec. 
IV, we will show the construction of the world volume 
action of the NS5-branes and the KK5-monopoles. In 
Sec. V, we will investigate the problems of the moduli 
fixing, using the world volume action of the Dp-branes, 
NS5-branes and KK5-monopoles. Sec. VI will be devoted 
to the conclusions and some discussions. 



II. BULK ACTION AND FOUR-DIMENSIONAL 
EINSTEIN FRAME 

In this section, we would like to provide the set-up 
of the bulk action and clarify the relation between the 
string frame and the four-dimensional Einstein frame, 
because the moduli fixing should be considered by the 
four-dimensional Einstein frame. 

In the present paper, we assume that the winding 
modes of large directions have annihilated and the three- 
dimensional space is the Euclid space. We also assume 
that Dp-branes, NS5-branes and KK5-monopoles dis- 
tribute homogeneously in the internal space. Taking into 
account those assumptions, in the string frame, we con- 
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sider a ten-dimensional metric with a compactification 
as 

9 

where dx^ = X]i=i(^^')^ represents a three-dimensional 
flat space. The scale factor exp[Am(i)] is the moduli 
of which represents the size of the torus. Using the 
degree of freedom of the scale factor exp [Am(t)], we can 
define by y"^ y'^ + ^-K^fd . This construction of 
indicates that the radius of the cycle of is given by 
2nRjn = J dy"^ exp [A,„(t)] = 2'K\fa! exp [Am(i)] fo'' each 
cycle. 

In the brane gas model, we will focus on the dilation 
gravity sector of the bulk action of the closed string: 

^0 = T^T^ / d«+ixy^G^e-2*[i? + 4(V0)2] (2) 
IdttGio J 

We assume that the dilaton field depends only on time, 
namely, = It is known that this action is invariant 
under the T-duality transformation 0, [27j given by 

\^(t) ^ -\^{t), <l>{t)-^cb{t)~X„,{t). (3) 

In order to obtain the four-dimensional Einstein- 
Hilbert term, we will consider the following transforma- 
tion: 

9 

In these variables, exp [n{t)] and exp [A(t)] represents 
the lapse function and the three-dimensional scale fac- 
tor in the four-dimensional Einstein frame. Indeed, the 
metric ([1]) implies that the coefficient of R is propor- 
tional to exp [Xo{t) + 3A(t)] xexp [J^l^^^ Xm{t) - 2^{t)]R 
which can be normalized as exp [n{t) + 3A{t)]R4 + ■ ■ ■ = 
—gi{x)Ri -f • • • under the transformation ([4]) . 

III. WORLD VOLUME ACTION OF D-BRANE 



We consider the Dp-brane wrapping over the cycles 
of the six-dimensional torus T^. If the Dp-brane wraps 
over the {mi, . . . , mp)-cycle (0 < p < 6), the gauge fields 
on the Dp-brane exist in the (mi, . . . , mp)-directions. We 
assume that the gauge field is Abelian and that the gauge 
potential and the transverse coordinates depend only on 
the time variable, i.e. Am^{t) and X™'^{t) which means 
the homogeneous distributions of the branes. We will 
adopt the coordinate system as = t, ^'"^ = y™" (a — 
1,2, . . . , p). Then, the Dirac-Born-Infeld action of Dp- 
brane wrapping over the (mi, . . . , mp)-cycle is given by 

Q(mi---iTip) 
'-'Dp 

= -Tp f +iCe-*(*) V- det{-fab + 2TTa'Fab) 

X { 1 - (2W)2 J2 e-2Ao(t)-2A,„„ it) (^^^ (^))2 

6 1 
b=p+l 

where Tp = (27^)-P(a')"^^+^^/^ a' is related with the 
string length as a'^/^ ^ and /^^ = {2TrVa')P. 

The T-duality of the Dirac-Born-Infeld action of the 
Dp-brane was shown in (29| . The analysis is general and 
applicable to our brane gas model. We will consider the 
T-dual of the (mp )-cycle. This T-dual requires that the 
dilaton (f){t) and the scale factor exp [A^p {t)] transform as 
([3]). We also impose the following dual transformations 
between the gauge fields and the transverse coordinates: 

27ra'A„,^{t)^X'^"{t). (6) 

Using those T-dual transformations ^ and (O as 
well as the relation of the tension {2'K\/a'YTp = 
{2'K\/a'Y~^Tp-i, we can see that the Dp-brane ac- 
tion S'q™^ is mapped to the D(p — l)-brane action 

^y^Ip-V)^'^'^ which wraps over the (mi • • • TOp_i)-cycle. 
We can also consider the T-dual of a transverse direc- 
tion, i.e. (mp+i)-cycle. Applying the T-dual rule ([3]) for 

A„ip+i(i) and 



In order to construct the brane gas model, we have to 
include the world volume action of Dp-brane. The role of 
the winding mode of the D-brane has been investigated, 
however the role of the gauge fields on the D-brane is still 
unclear in the brane gas model. In this section, we would 
like to derive the potential of the world volume action of 
the D-brane with the gauge fields, because the explicit 
form of the potential is required to discuss the moduli 
fixing. 



X™p+i(i)-.2WA„^^,(t), (7) 

we find that the Dp-brane action is mapped to 

the D(p + l)-brane action S^^j^^''*^^ 

We need to know the explicit form of the potential 
term in the four-dimensional Einstein frame for investi- 
gating the moduli fixing problems. Substituting Q for 
equation ([S]), we obtain the world volume action in the 
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four-dimensional Einstein frame: 



5, 



(mi---mp) 
Dp 



x{l-A{t)]' (8) 
where A{t) is 

a=l 

6 

. ^ g-20(t)-2n(t) + A(t)+2A„Jt)^^mi,^^^^2_ ^g^ 
b=p+l 

We can solve the equations of motion of A„i^ (t) and 
X'^oit) derived from ^ as follows: 

gn(t)-iA(t)+E::,=iA„^, (t) 

X (27ra')e-2*(*)-2"(*)+^(*)-2^'""(*)i„^(t) 
= (2W)- V™„ I ll"--™- {l - ^(0 } " , (10) 

gn(t)-iA(t) + E::,^iA„^, (t) 

^ g-20(t)-2n(t)+A(t)+2A,„^ (t) j^mt ^^-j 

=W™''|^"i-"''|l (11) 

where /m„ l"™^'"'"" and •y™'; |inii---mp ^^^.^ constants of in- 
tegration. We can solve equations PH)) and pT|) on y^(t) : 



^(i) 



l + e-2 2:^'^i^'".'(*)^(t)' 




(12) 



6=p+l 



In the four-dimensional Einstein frame, the potential 
term is derived by 



(mi---mp) _ rpO 



= — 



= ^-n(t)-3A(t) ^^Dp 



(5n(t) 



(13) 



Using ([8]), p2)) and (|T3)) . we obtain the potential term of 
the Dp-brane wrapping over the (mi ■ ■ ■ mp)-cycle: 



(14) 



Taking into account the definition of A(t), it is easily 
found that cannot fix the dilaton. 



IV. WORLD VOLUME ACTION OF 
NS5-BRANE AND KK5-MONOPOLE 

Type IIA/IIB theory has NS5-brane and the KK5- 
monopole. However, the cosmological role of those ob- 
jects has not been understood well in the brane gas model 
(NS5-brane was discussed in [Hj). In this section, we 
will consider the effect of the NS5-brane and the KK5- 
monopole. The T-duality of those objects and the po- 
tential will be shown below. 

The world volume action of the static KK5-monopole 
wrapping over the (mi • • • m5)-cycle is given by |2£ 



-,(mi---m5) 
'kK5 



-Tkk5 I d'^^e-^^^'h^-detjab 



= - (27rVa')'rKK5 

^ _ ax™ dx 

lab = 



^^g-20(t)+2A6(t)+Ao(t)+ELi^™a(t)^ 



where fc™ = J™™" is the killing vector of the isometry 
of the (m6)-cycle and fc^ = Gmnk"^k"- = exp [2Amg(i)]. 
We also consider the static NS5-brane. The winding 
mode of the NS5-brane [1^ wrapping over (mi • • • ms)- 
cycles is given by 



(mi-'-ms) 

NS5 



-7ns5 



= - (27rV^/)5TNS5 / die-^^t^H^-'t^H^-i^'--^*). (16) 



The T-dual transformations of the world volume ac- 
tion of the NS5-brane and the KK5-monopole have been 
shown in 25, 30]. The type IIA NS5-brane is mapped to 
the type IIB NS5-brane by T-duality transformation with 
respect to a tangent direction. For example, if we take 
the T-dual of X5{t), the NS5 world volume action pB]) 
is mapped to the NS5 world volume action under ([3]). 
Similarly, we are able to check that the type IIA KK5- 
monopole is mapped to the type IIB KK5-monopole by a 
T-dual with respect to a tangent direction. The T-dual to 
a transverse cycle, on the other hand, gives an exchange 
of the NS5-brane for the KK5-monopole, if Tns5 — Tkks 
(30| . In fact, we can show that the T-dual of the NS5- 
brane along the (m6)-cycle becomes the KK5-monopole 
under the T-dual rule ([3]). 

To obtain the potential term of the NS5-brane and the 
KK5-monopole in the four-dimensional Einstein frame, 
we consider the change of fields as in ([1]) . Substituting ^ 

for CS]) and IH]) and replacing c'^^;'""'"'' with C^^sI'/kks 
in (|13p . the potential terms of the NS5-brane and the 
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KK5-monopole are given by 



which derives the following equations: 



(mi-.-ms) _ „-3A{t] 
"NS5 ~ ^ 



X e 



0(t)-iA(t)+ELi^-a(t) 



X e-'^(*)-5^(*) + 2^'"6+i:a=l^"a(t). 



(17) 

(18) 



MODULI FIXING AND T-DUALITY 



In this section, we are going to show that there exist 
models where the dilaton field and scales of are fixed 
simultaneously. Once moduli fields will be fixed, we are 
able to obtain dual type IIA/IIB brane gas models by 
the T-duality transformations. 

All we need is the existence of Dp-branes with gauge 
fields and NS5-branes or KK5-monopoles. At first, we 
consider the type IIB theory with Dl-branes and KK5- 
monopoles. We require that these branes and monopoles 
distribute homogeneously. Namely, we consider a type 
IIB brane gas model in which the Dl-branes wrap over 
each 1-cycle and the KK5-nionopoles wrap over the 
(45678)-cycle and its cyclic permutations. Although we 
can see the stability for general initial conditions, we take 
/mjll™' ' ™^ = 27r/, ^ q obtain the ana- 

lytic value of Xait) and (j){t) at a minimum. The choice of 
this initial condition represents the fact where the initial 
gauge fields is the same for each cycle. This condition 
may be natural for the isotropic expansion of the inter- 
nal space. The above conditions provide us the following 
potential term: 



U 



IIB 



a=4 



-0(t) + iA(t)+A„(t) 

(19) 



where we have used (fT4|) and (fTS]) . A^di/kk5 denotes 
the number of the Dl-branes and the KIC5-monopoles 
and A^Di/KKse"'^'^'-*'' is the number density. The first 
term indicates the Dl-brane action. The second term 
describes the world volume action of the KK5-monopole. 
The minimum is given by dU^^^/d(f> — dU^^^/Xa — 



(27rV^)TiiVDi e-|Mt)+A.(t) f^^m^i + /2g20(t))-i 

a=4 

- (27rv^)5rKK5A^KK5E^"^^*^^^'^*^^'"^*^ = 0' (20) 

a=4 
9 

(27rv^)TiiVDi(2e^"W - ^ e^^(*))e*(*)(l + /^e^^W)^ 



6=4 



+ (27rV^)5rKK5iVKK5e^^*)(2e^"^*^ + E e^'^*^) = 



f)=4 



(21) 



Using (HID, (^ 



dX. 



^)C/"^ = gives 



gA„(t) ^ gA,(t) 



(22) 



where (a, 6 = 4, 5, ... , 9). We wiU define \'{t) = \i{t) = 
■ ■■ = \g{t). Substituting ^ for ^ and dH]), the result 
is given by 



„2A' 



where we have used Tkk5 = Ti 



NS5 



Tk and T, 



p 



(27r)~^'(Q!')~^P"'""'^^/2. If we choose the initial condition of 
the gauge fields as 1 ^ J^, the weak string couphng 
is realized. A^di and A'kks control the scale of the six- 
dimensional torus. 

Therefore, we see that the dilaton and the scale of 
can be fixed in the type IIB brane gas model. If U^^^ 
does not include the gauge fields or the KK5- monopoles, 
we cannot fix the dilaton field and the scale of simul- 
taneously. It is stressed that the scale of becomes 
isotropic because of the isotropic initial conditions for 
gauge fields on Dl-branes. This property can be seen 
from the invariance of U^^^ under \a ^ \b- We have ar- 
gued with one type of D-branes. Moreover, we have con- 
sidered 'y™'! i^mi - iTip _ g However, adding other branes 

yuia I J-mi - mp_|-gj.j^g does not ruin the existence 

of the minimum of U™' , because the potential of the Dp- 
branes, the NS5-branes and the KK5-branes is positive 
which does not change the fact that total potential runs 
to infinity at large value of the moduli fields. 

T-duality guarantees the existence of other type of 
models with the same characteristic. Let us consider the 
T-duality transformation of the model (|19p . For exam- 
ple, the T-duality of the (456789)-cycle gives rise to the 
dual type IIB brane gas model which includes D5-branes 
and NS5-branes. In fact, the T-dual transformation rules 
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([3]), ([6]) and ^ gives the following potential: 



^ a— 4 

Ardual ^ _ 

a=4 

(24) 

where N^l""^ = N^i and N^'g = Nkk5- The first term 
indicates the D5-brane action moving to the transverse 
direction. The second term describes the world volume 
action of the NS5-branes. e^"*^"'"- and e^'^™'-- are mapped 
to the dual values which are not self-dual by ([3]). 

Note that we can obtain possible dual type IIA or IIB 
models by the T-duality. 



It is interesting to classify the cases where the mod- 
uli fields are fixed in our model. This analysis may lead 
to the moduli fixing which includes non-diagonal compo- 
nents of the metric of T^. 



VI. CONCLUSION AND DISCUSSIONS 



In this paper, we have considered the moduli fixing 
problem in the type II branc gas model. It is stressed 
that this moduli fixing including dilaton field is realized 
in the presence of NS5-branes or KK5 -monopoles as well 
as the winding modes of the D-brane and the effects of the 
gauge fields on the D-brane. NS5, KK5 and gauge fields 
on D-brane are new ingredients, because those objects 
have not been considered in d, [Tfl, [O, [H, M, Q El, d, 
113, El m, [13,1211,112, 23, 24. The reason why the moduh 
fixing has been difficult in the brane gas model so far is 
that we do not deal with the effect of the gauge fields 
on the D-branes, the world volume action of NS5-branes 
and KK5-monopoles. 

The key idea of introducing NS5-branes and KK5- 
monopoles is the difference of the dilaton dependence 
between D-brane and NS5-brane/KK5-monopole. In the 
string frame, the dilaton dependence of D-brane is e~'^, 
on the other hand, NS5-branes and KK5-monopoles have 
the dependence of e~^'^. This fact implies that NS5- 
branes and KK5-monopoles generate the stronger pres- 
sure for the dilaton than D-branes. 

A brane gas model whose moduli fields are fixed can 
be mapped to a dual brane gas model with fixed moduli 
fields by the T-duality transformations. Once moduli 
fields are fixed, we are able to obtain dual type IIA or IIB 
brane gas models by T-duality. Then, the fixed values of 
the moduli fields are not necessarily self-dual. This fact 
is different from String gas model [l] where moduli fields 
are fixed at self-dual radius of T-dual without the dilaton 
field. 

In our model, the problem on the selection of vacua re- 
mains. At this stage, the brane configurations, the num- 
ber of branes and the initial values of gauge fields are 
given by hand. A lot of initial conditions give the vari- 
ous minimum of the potential. However, once the initial 
condition is given, the moduli fields can be fixed. 
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The toroidal compactification with fixed moduH fields 
is a first and significant step to obtain the realistic com- 
pactification with K3 X or Calabi-Yau threefold [3ll |. 
Our analysis of this paper includes the configuration 
where D2-branes wrap around two-cycles in type IIA 
theory and D3-branes wrap around three cycles in type 
IIB theories. Therefore, it is expected that the similar 
analysis can be made even for the models with Calabi- 
Yau compactifications. The moduli fixing procedure dis- 
cussed in our paper may also be applicable to a heterotic 
brane gas model with compactification which is ex- 
pected to be dual to a type IIA with K3 x compacti- 
fication [3l,[3l,[3i|. 

An application of our model to the accelerating uni- 
verse [Sal is also interesting. The method used in [sil 
may be useful for the analytic investigation. 
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